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The effects of nuclear structure on "elastic" neutrino-induced reactions: vll-\-[Z,A~\ —->/*"+[Z+l, A~]t 

i>fl-\-
jiZ,A2 —> At++[Z—1, A"], are considered by use of methods analogous to those developed in the theory 

of muon capture by complex nuclei. A "nuclear structure effect quantity" ("n.s.e.q."), which allows calcula
tion of the cross sections for v^-j-n—^fT+p and PM+i> —»p,+-\-n from the observed cross sections for 
y M +[Z,^4]o—>AT+[Z+1, ^4]anand i>M+[Z,^]o—>ju++D£—1> ^4In, is derived and discussed. This"n.s.e.q." 
is, to a reasonable approximation, independent of the nucleon form factors associated with the lepton-
hadron weak interaction and essentially involves only the nucleon-nucleon correlation function of [Z,v4]o 
as determined by the internucleon forces and the exclusion principle. Finally, it is shown how the nuclear 
parameters entering into the nucleon-nucleon correlation function can be found from existing empirical 
data on electron scattering and muon capture by complex nuclei and, with use of the so-determined values 
of these parameters, values of the "n.s.e.q." for various \_Z,A~\ and Ev are given. 

INTRODUCTION 

IN the present work we wish to calculate the effects 
of nuclear structure on the "elastic" neutrino-

induced reactions1 

, M +[Z,^] 0 ->M~+[^+l , i l ]* , (1) 

M - [ ^ ] o - * M + + [ £ - l , Alk, (2) 

where [Z,A2o represents the spin-unaligned target 
nucleus in its ground state and CZdzl, A~]k the residual 
nucleus in either its ground state (&=0) or in an excited 
state (&>0). The excited state can be either unbound 
or bound; in the former case £Z±1, A~]k decays almost 
immediately by nucleon emission, e.g., [_Z+l, A~]k—» 
[Z, A — l]o+^, while in the latter case [ Z ± l , A~\k 

decays relatively slowly by photon emission, e.g., 
[ Z + l , A^k-^lZ+1, A%+y. The effects of nuclear 
structure which we calculate are responsible for the 
difference between 

Ar([Z,4]0-> [ Z + l , Alni;E,)/d(cosB) 

and (A—Z)da(nJ^p;Ev)/d(cos8), and for the differ
ence between 

MLZ,Alo -> [ Z - 1 , i l l u ; Ev)/d(cosO) 

and Zda(p —> n\ Ev)/d(cos$), where 

*This work was supported in part by the National Science 
Foundation. 

1 Experimental observations of the reactions in Eqs. (1) and 
(2) are described by the Columbia-Brookhaven group: G. Danby, 
J. M. Gaillard, K. Goulianos, L. M. Lederman, M. Mistry, M. 
Schwartz, and J. Steinberger, Phys. Rev. Letters 9, 36 (1962); 
and by the CERN group: reports at the International Conference 
on Weak Interactions, Brookhaven, 1963 (unpublished) and at the 
International Conference on Elementary Particles, Sienna, 1963 
(unpublished)—see especially J. S. Bell, J. L^vseth, and M. Velt-
man, CERN 7509/TH. 382, 1963 (unpublished). The importance 
of nuclear structure effects in such reactions was, to our knowledge, 
first emphasized by V. L. Telegdi. A calculation of these effects, 
based on a Fermi gas model of the nucleus, has been given by S. 
Berman, CERN 61-22 (unpublished). Our results (see below) are 
numerically not too different from Berman's. A calculation similar 
in many ways to Berman's has been published by J. LoVseth, 
Phys. Letters 5, 199 (1963). 

[0,1]*= [0, l ]o^», [1,1]*= [ M ] o ^ , 

and where the various da/d(cosd) are differential cross 
sections for the indicated "elastic" neutrino-induced 
reactions.2 It is clear from the existence of inhibitions 
in the transition rate arising from the exclusion principle 
for nucleons that these differences are: (1) greatest for 
neutrino-muon three-momentum transfers |p„— vA 
«nucleon Fermi momentum pF (^265 MeV/c), (2) 
vanish when |p„—pM|^>2^. It is also clear that for 
any | pv—p^ |, the exact value of the differences depends 
in a rather complicated way on the nucleon-nucleon 
correlation function of [Z,^Qo a s determined by the 
internucleon forces and the exclusion principle. 

CROSS SECTIONS IN CLOSURE APPROXIMATION 

In our analysis of the "elastic" neutrino-induced re
actions, we shall suppose that the various possible 
"inelastic" neutrino-induced reactions, e.g.,2 

^ + [ ^ ] o - > M - + [ Z + l , i 4 ] c - > 
fjr+£Z+l,Alk+7r\ (3) 

M-[Z, i i ] 0 -> M + +[Z-1 , A!* -> 
M + + [ Z - 1 , ^ ] , + 7T°, (4) 

can be distinguished experimentally from the corre
sponding "elastic" reactions [Eqs. (1), (2)]3 and that 
the neglect of their effect in the calculation of the cross 

2 We exclude from the "elastic" category the neutrino-induced 
formation of such highly excited states of [Zdbl,^4] that their 
subsequent decay occurs by pion emission. We label such states 
[Zdbl, A~]K and picture them as predominantly, {[Z, A — 1] 
+ (^*)+h, { [ £ - 1 , 4-1]+(9ft*)0}« where 91* is the (100-MeV 
wide!) f, f nucleon isobar. Thus, the elementary particle processes 
underlying the "inelastic" neutrino-induced reactions of Eqs. (3) 
and (4) are taken to be: v^+n -^> fT+(%*)+, (9l*)+ - • p+n0, 
^+^->M + +(3 l* ) 0 , (9fc*)° -> W+7T0. 

3 We ignore the "elastic" neutrino-induced reactions on atomic 
electrons of the target: vM+c"" —»iT-\-vt which yield muons in 
forward directions (O^d^nte/m^) for Ev>(m^—m^)/2me — 10 
BeV. 
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sections of the "elastic" reactions does not introduce ^k=ok==kmax-' *• This procedure is reminiscent of that 
an appreciable error. This last assumption is not un- employed in the theory of capture of orbital negative 
reasonable since the primitive lepton-hadron interaction muons by complex nuclei4 where the basic reaction 
is weak and since, at neutrino energies of present experi- -A-Y7 / H -™» A-Y7— \ A~\ (*s\ 
mental interest,1 both "elastic" and "inelastic" cross M " ^L^^Jo *VM_^ - i , ^ J * , W 
sections are far below the unitarity limit. is essentially the lepton-transposed version of the re-

We treat the "elastic" neutrino-induced reactions by action in Eq. (2). Therefore, in accordance with the 
means of the "impulse approximation" as regards the methods used in the theory of muon capture,4 we can 
superposition of the contributions of the various nu- write the transition operator associated with the 
cleons and the closure approximation as regards the "elastic" neutrino-induced reactions as 

T ^ ^ t ZV±> = E —L^WTiWZBaWiqM, (6) 
i=l i=l V2 

where 
£*=74Y«(l+7 5 ) ; G=l0 -Vwp 2 ; 

CJBa(±)(q,g0)]^fKi?F(^)[747a]<+JiuFM(g2)—Dy^Ji-tf'W)—O]*) 
\ mp % / 

/ q? q« \ 
d=( X/^(22)[Y4Y«Y5]i+^'^V22)—[y&p«yi]i-ibFP(q2)—[7475]* J ; 

\ Mp Why. J 

q«^ {pv-p»)a, q2^qaqa= (q) 2~ (go)2 = ( p , - PM)2- (E,-E,)*= -m,2+2EvE,(l- (| pM |/£M) cosfl); (7) 

7« = 7a t , <rap= (yayp—ypy<x)/2iy 75=7i727374; (p\ r ( + ) \n)= (n\ r ( _ ) \p)= 1. 
In Eqs. (6), (7), Fv(q

2), FM(q2), Fs(q
2), FA(q2), ^E(<?2), FP(q2) are polar-vector, weak-magnetism, induced-scalar, 

axial-vector, weak-electricity, and induced-pseudoscalar nucleon weak form factors5 with normalization :Fv(0) 
= FM(0) = Fs(0) = FA(0) = FE(0) = FP(0)= 1. According to the conserved polar-vector current hypothesis, applied 
to a local lepton-hadron weak interaction, K= 1, /z=isovector nucleon anomalous magnetic moment= 1.79— (—1.91) 
= 3.70, 6' = 0, while Fv(q

2) and FM(q2) are equal, respectively, to the now empirically known Dirac and Pauli 
isovector nucleon electromagnetic form factors Fi(q2), F2(q

2); if, on the other hand, the lepton-hadron weak inter
action is mediated by a spin-one boson of mass mw, we have Fv(q2)/Fi(q2) = FM(q2)/F2(q2) = (l+q2/mw2)~1 while 
K, jd, V are still 1, 3.70, 0. As regards the form factors associated with the axial-vector current, nuclear beta-decay 
data, together with the assumption of /jL—e universality, give X= 1.21, the hypothesis of pion-pole dominance of 
FP(q2) yields 

I / 0 .9wA 
= 14= ( 1 + )(8X) 

I \ m2 f 

\b\ = (wx^it-m,2)],^)^^) 
\m2 

and FP(q2)= (l+q2/mT
2)~1

) while the assumption that the axial-vector current is odd under "isoparity" 
(Gja

U)Gr~1= —jaU)) implies ji/ = 0. Thus, we consider only the dependence on q2 of FA(q2) as essentially unknown 
at present; however, none of our results below on the numerical magnitude of the nuclear structure effect quantity 
is at all sensitive to assumptions made regarding the values of the nucleon weak form factors. Finally, the "impulse 
approximation" type equality, T(±)=Yli=iATi(±\ implies neglect of the contribution of pion-exchange currents 
to r ( ± ) ; the order of magnitude of this contribution is6 

±/ 4 ( -=L a \F A {q 2 ) ) Z ( r /±) - r^±) ) (e^ r C747 a T5]-e^ r CT47«75]y) e x p ( - w ^ y ) 

AfA }A A 

E ^ ( ± ) « E ^ ( ± ) , (8) 

where i£= radius of nucleus = (0.85/^)^41 / 3 and jfepion-nucleon (pseudovector) coupling constant = (0.08)1/2. 

4 H. Primakoff, Rev. Mod. Phys. 31, 802 (1959); R. Klein and L. Wolfenstein, Phys. Rev. Letters 9, 408 (1962); J. R. Luyten, 
H. P. C. Rood, and H. A. Tolhoek, Nucl. Phys. 41, 236 (1963); J. S. Bell and J. L0vseth, CERN 7315/TH. 379,1963 (unpublished). 

5 L. Wolfenstein, Nuovo Cimento 10, 882 (1958); M. L. Goldberger and S. B. Treiman, Phys. Rev. I l l , 355 (1958); S. Weinberg, 
ibid. 112, 1375 (1958); A. Fujii and H. Primakoff, Nuovo Cimento 12, 327 (1959). 

6 See R. J. Blin-Stoyle, V. Gupta, and H. Primakoff, Nucl. Phys. 11, 444 (1959), and J. S. Bell and R. J. Blin-Stoyle, ibid. 6, 87 
(1958) for a discussion of the contribution of pion-exchange currents in beta decay. 
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Such pion-exchange contributions to T (±) are associated with processes of the type ^ M + ^ I ~ ~ > M ~ + ^ I + ^ + ; 
ir++fi2 —» p2, where the Wi, ^2 are a pair of neutrons of the target nucleus and the ir+ is virtual. The contributions 
to T (±) of analogous processes with a real w+ have not yet been estimated in detail, but may well be small since 
real x+ exchanges are presumably dominated by v^+ni —> /z~+ {(91*)+} 1; {(91*)+} 1 —> ni+ir+; TT++ n% —> {(3l*)+} 2; 
• • •, with a real x+ eventually emerging outside the nucleus. 

With the transition operator specified as in Eqs. (6) and (7), we can proceed to write down the differential cross 
sections d<r([Z,Al[Q-* [Zd=l]aii; Ev)/d(cos6). We have, with eky e0, the energies characterizing the nuclear states 
I [ Z ± l , A2k)= I k), I [Z,4]0)= 10), and with Ef= {£„}*+€*, the energy of the final state of the { ^ + [ £ ± 1 , A~]k) 
system, 

A r ( [ Z ^ ] 0 - > [ Z ± l , 4 ] a l l ; ^ ) o
 k^Hl{\vAhJ/{dEf/d\Vll\)k)2ir 

-=2TT 2] 
<Z(cos0) *-o (2TT)3 

X E —0.[i„ | v><*|Z: {A>*e«J«*-'V*<±>CJB-<±>«q>*,{?o}*)D*|0> 
\2 *=i 

, (9) 

where, with neglect of terms of order (w^/Qi^} J2)<Cl, 

{ I PMI }*= ( C { ^ M } , ] 2 - ^ 2 ) 1 / 2 ^ { ^ } , = [ ^ - (e*-€0)]; 

- 1 . ^r & - & 1 

2L | ^ - ^ | J 

{$*}*= -mM
2+2E,{EM} J 1-f Jcos 6 ^4£,2sin2-( 1 J , (10) 

and where {A}^ is a projection operator for positive energy nuclear state |&), 
H+\ek\ 

{^}k~—.——; H\k)=ek\k)] ek^{ek)m^^Ev—nitl-)rev. (11) 
2|€A;| 

In the spirit of the above-mentioned "impulse approximation," we assume that the replacement 

, , r- „ , , , ^ { [ w > { q } i + [ 7 4 K } + | { ? o } i + ^ | / v 
{ A } ^ A ( { q } ^ o h ) ] ^ — (12) 

2\{q$}k+nip\ 

does not appreciably distort the transition nuclear matrix element in Eq. (9) for those nuclear states | k) which 
contribute importantly and, that for these importantly contributing states \k), the quantity {dEf/d\pn\ }k can 
be evaluated as if the nucleon participating in the neutrino —> muon transformation is unbound and originally 
stationary,7 viz., 

Ef={E,}k+{qo}k+eo^{E,}k+(l{q}kJ+mp^-mp+e0, 

dEf ) {|p^|}fc (-|p,|cos0+{|pM |}*) / 2Ev 0\r mp n 
« + = 1+ sin2- J . (13) 

d|p,,|J* {E,}k ([{q}AG2+*%2)1/2 \ mp 2Jl{q^k+mpA 

Then, extending the Ylh=okB=kma'x' • • over all states \k) in accord with the closure approximation, we obtain from 
Eqs. (9), (10), (12), and (13), 

Ar(CZ,.4]o-> [Zd=l, Al>n;Ew) «^))2[((g0)+^)/m2 , ] G2 
: S LfiJBfia^ , (14) 

d(cosd) (27r)[l+(2E,/mp)(sin^)2] 2 
7 The approximation of treating the nucleon participating in the neutrino —> muon transformation as originally stationary is not serious 

since the momenta of the various nucleons (p9ft}o are uniformly distributed about p„, so that terms linear in {p9fi}o*{<l}fc pretty well 
cancel out on the average. With particular reference to Eqs. (17)-(19), (42), where the above approximation is used to evaluate 
(ek— €Q)/EV9 we note in addition that this last quantity makes a relatively small contribution to (JSM), {q2}, | (q)| . 
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with 

•£/?<*={ H(v\Lfi\fi)(fi\La\v)} 
spins 

= 2 ( < ^ £ , ) - » C ( ^ ) ^ 0 « + ( ^ ) « ^ / » - 8 / . - ( ^ ) x ^ ) x + ^ « , x ( ^ ) , ^ ) x ] ( l - 2 « / , 4 ) , (15) 

2W±)s»<0| t e-^>-"r/^)ri(±)C5,(±)((q),(?o))]/CA((q),(g„))]£A((q>,(?„))]£5a(±)((q>)(go))]i|0) 

= <01E i(iTr/")^"'((q),(?o))]/CA((q),(?o))]^„(±)«q>,<?.»]«| 0> 

+(01 f (1 —*yO*-*« q >*"*iC( '« 'yH-T/V^^XT,)«>] 

X ^ / ^ K q X ^ o ^ j / C A ^ ^ X ^ l - C A a q ) , ^ ) ) ] ^ ^ * ) ^ ^ , ^ ) ) ] ^ ) - ^ , ^ * ' ] ^ ^ , ^ ^ ] ! ! , (16) 

where the average indicated by {• • •) 

(«*—«o)\ f &r(pv—pn)~\ («*—«D), / <e*-eo>\ f ^ r ( ^ ' - ^ ) l 
<£„>=£,( 1 — - ) ; <q>^£J2sin- - — - - Ey 

(?o) = <e*-£o); (q^iE^(smieni-(ek-e0)/Ev), (17) 

is taken over the various states \k). Again in the spirit of the "impulse approximation," we shall evaluate (£„), 
(q), (qo), {<f) on the assumption that, in the predominant states | k), the nucleon participating in the neutrino —» 
muon transformation moves as if it were unbound and originally stationary.7 We then have 

(e.-eo) 2(Ev/mp)[sinleJ 
^ , (18) 

E„ l+(2E,/mJ))Csin|e]2 

which upon substitution in Eq. (17) immediately yields {£„), (q), (q0), (9
s); m particular 

(E,)^EV/ 
2EV 

H (sin0)2 

L mp 

4EV
2 (siniO)2 

; (q2)^ . (19) 
l+(2Ev/fnp)($m±d)2 

We proceed to the evaluation of L^B^J^i and of Lp0C[BpJ±)']u as denned in Eqs. (16), (15), (12), and (7). As 
will be seen, it is in the evaluation of [Bpa^^n that considerations of nuclear physics enter into the calculation of 
da([_Z,A~]o—> £Z±1, A\\\\ Ev)/d(cos6). First of all, using a nonrelativistic, i.e., 2A component approximation for 
the state 10), we have, 

r mv i 
^ C ^ ( ± ) ] i = 4(cos^)2[^(id=i)TZ] — ki^((q2),e); 

L(q0)+mpJ 

$i<±>(<?2>,0)</M^^ 

Ev Wla 

2X2[^ «?2»]2± —4\LFy ((q^+vFum)^ ((<f)) \bFA ((<f))Fp((q2)) 
mp mp 

+ ((qV2mP^(tRnW{LM(qi))+^FMm)2'+KcotW^FMm)J 

+X2[^((g2))]2T2X[?F((?2))+M^M((g2))]^((g2»+P2C^((g2))]2}. (20) 

It is to be noted that for Z—0, A=l: ?„+« —>n~-\-p, or for Z— 1, A — 1: v„-\-p —*/i++n, the quantity p3/3a(±)Hn 
vanishes and, since the initial n or p is here at rest, the nonrelativistic approximation for 10) is precise; thus, in this 
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case, Eqs. (14)-(20) give an exact description of da-(n—*p; E,)/d(cos9) and cfo(p —> n; E,)/d(cosd), viz., 

da(n->p; Er) f&mjs. (Ev/mp)
2 (cos|0)2 

p;Er)_/(Smp'\ 

s0) \ x / ( 
-*i<+) m,e), 

d(cos8) \ T /(l+2(Ev/mp)(sm^6)2y 
(21) 

da(p-^n;Ev) /G% A (Ev/mP¥ (cos§0)2 

<*(cos0) V v /(l+2(^/wJ,)(sinf6»)2)8 * i e ) ««*>,«)> 

in agreement with formulas already published.8 

We now describe the evaluation of L^a[_B^a
{±)"]u using again a nonrelativistic approximation for 10). A lengthy 

but straightforward calculation based on Eqs. (16), (15), (12), and (7) yields, to a sufficient approximation, 

L<<7o>+W„J -(qo)+mp-

/=1,£=1 

Gi«<?V)+G2<±>«<?2>,0) +G3«<?2>,0)——— \ 10); 
I 3 4w„ 

X 
*p 

G ^ V X ^ ? 2 ) ) ] 2 - m/2m*)Fv{(?))lFY({?))+y.FM((c?))-], 

G 2
( ± ) ( ( ? V ) = l + 2 ( t a n ^ ) 2 + (l+3(tan|0)2)-(l+(tan|0)2) ( l Cos0)( 1+ )W[FA({?))J 

I 2mp* 2mp\ Ev ) \ (£„)/) 

± ( )(tan|e)24X[FF({g
2))+M^((?2))]^((g2))-—-(l+(tan|e)2)—(1 cos0 

\mp 4mp
2/ (E„) 2mp\ Ev J 

X\bFA ((qi))Fp((q2))+ «92)/4^P
2) (1+3 (tan^)2)[FF((?

2»+MFw((?
2})]2, (22) 

G3((?2),e)^[FF((32))]2-(tan|0)2[FF((3
2))+M^((?

2))]2 

+ [ 1 - (tanifl)2- (1+ (tan§0)2) (2mP/(E»))1h*lFA({f))J 
+ K /<£»» (1+ (tani0)2)X^ ((<?))FP((q*))+ ( t a n j * ) * ^ , ((9

2))]2, 

where the cylindrical symmetry about the direction of p„ of the processes Vy.-\-\Z,A~\<s —*/i~+ [_Z-\-\, A\\\, 
Vp.-\-[Z,A~]<>^> n+Jr\_Z—\, Jjaii has been employed to simplify somewhat the expression for $n(±)({q2),6). Equa
tions (14)-(22) give: 

^ ( [ Z ^ ] o - > [ Z ± l , ^ ] a l l ; £ „ ) 

d(cos0) 
fG2w/ (E„/mpy (cosW 

<A (*±*)=FZ] $i<±) «<f>,0) 
I TT Cl+2(£,/Wj))(sin^)2]= 

= D4( |± i )TZ]{<M»^; E,)/d(casB)) 1 — — — 
1 *i<±>««V) 

1 - f a M ( t f > ' a ) } (23) 

so that the nuclear structure effect is completely described by the quantity {1—•$ii(±)((^),0)/$i(±)((g2),0)} with 
$n(±)«q2),0) &nd$i^({q2),e) denned in Eqs. (22), (20). Division of any observed Ar([Z,4]0-> [ Z ± l , 4 jaii; £ , ) / 
J (cos0) by a theoretically calculated [A ( J± J)TZ]{ 1 - * n <±> «22),0)/$i(±) «?2>,0)} will yield the desired <for(JZp

n \ E*)/ 
d(cosff). 

The remainder of our discussion is devoted to a calculation of {1—$n(±H(#2}>0)/*i(±K(<72)>0)} 5 w e shall s e e 

that, to a reasonable degree of approximation, {l—$n(±)((q2),d)/$i(±)((q2),d)} is independent of the nucleon 
weak form factors Fv((q

2)), FM((q2)), ^((g2)) , and FP((f)) and essentially involves only the nucleon-nucleon 
correlation functions of [Z,^4]o as determined by the internucleon forces and the exclusion principle. 

8 T\ D. Lee and C. N. Yang, Phys. Rev. Letters 4, 307 (1960); Phys. Rev. 119,1410 (1960); 126, 2239 (1962); Y. Yamaguchi, CERN" 
61-2 (unpublished); Progr. Theoret. Phys. (Kyoto) 23, 1117 (1960); N. Cabbibo and R. Gatto, Nuovo Cimento 15, 304 (1960). 
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EVALUATION OF NUCLEAR STRUCTURE EFFECT QUANTITY 

To evaluate the nuclear structure effect quantity {l~-$n(±) ((q2),d)/$i(±) ((q2),d)}, we express <£ii(±)((g2),0) as 

$n (±)«<?V) = - D 4 ( i ± i ) T Z ] - 4 [~<0| E (l-«yi)l(^"c<-ry«)r<«))i(l+i'><) 
IL /=l,i=l 

k(±)«q» 
«p

z ) J 

+ I~<0| E ( l - M K ^ - ^ - r / ^ r i ^ K l - ^ ) 
L 3-1,2=1 

( fr"i «ry(q)o ,r(q)l 1 1 
X G1m,d)+Gi^ ((q*),0) +Gt((f),0) 10) k c ± ) «q» , (24) 

I 3 4?V J J J 

i>;,^ - (I (l+*r "<))(! (1+^ . ) ) , 

A±(±,((q))= f /"^«-(r'-r)3e±
(±>(r',r)rfr'rfr, 

+G3«flV) 5(r ' - ry)§(r-r , )( )|0> 
4w„2 J \ 2 / 

3e±<±>(r',r)^-

cryer,- <ry (q)oy (q) 1 * x G1mJd)+G2^m,e)—+GZm,o) — io) 
3 4m 2 J . 

<o| £ (i-a/<)K*/-*<-r/»rW^ 
?=M=i I 3 

oy(q)oy<q>] /IzhPji 

4wp
2 J \ 2 / 

where the 3C±
(±)(r',r) a^e the indicated nucleon-nucleon correlation functions of \_Z,A~\§. We then use9 

<0| £ (l-*y<)H*;-*"ry<»>T^ 

y=l,»=l 

4 a r <q)f f , - (q) | ( q ) | 2 

<0| E (l-^-)K^'^-ry<3V3>)- [ 0 ) S — [ - | ^ + I M - 2 Z | ] , 
J'=I,«=I 4OTJ,2 4 « J , 2 

<0| E (l-«ii)l(Tye~ry«)r i«))Py i |0>= - J [ Z ( ^ - Z ) ] + ( 0 | S / + S , , 2 - (Sp+S„)2|0>, 

<0| E (l-5y i)J(Ty.T~ry(3)r i<
3))K^-^)-Py< |0)=-i[Z(^-Z)]-i(0|Sp

2+Sn
2-(S J ,+ SB)2|0), 

y—I ,»—i 

* ov-<q>r<q> |<q>|2 

<0| E (l-8y<)t(*,"*-ry<»T<<»>) Py<|0)^ ^-\{Z{A-Z))-\^\ SP
2+S„2- (S ,+ SB)»|0>], 

/=M=i 4w p
2 4w p

2 

(25) 

9 See Eqs. (7b)-(7e) in Primakoff, Ref. 4. The approximate equality <0]£Y[1l]2+[Y[2J]2|0>^i|i4--2Z| is a consequence of super-
multiplet theory; see Appendix. This theory, first developed before the war [see E. P. Wigner, Phys. Rev. 51, 106 (1937); E. P. Wigner 
and E. Feenberg, Rept. Progr. Phys. 8, 274 (1941)] has received considerable recent support. Thus, J. D. Anderson and C. Wong, 
Phys. Rev. Letters 7, 250 (1961), and A. M. Lane and J. M. Soper, Nucl. Phys. 37, 663 (1962), show that the isospin quantum number 
is quite good in the ground state of a variety of medium-heavy nuclei while P. Franzini and L. A. Radicati, Phys. Letters 6, 322 (1963), 
carry out calculations of ground-state binding energy of a large number of nuclei in the framework of the supermultiplet approximation 
and rind excellent agreement with experiment. 
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so that, substituting Eq. (25) into Eq. (24), 

IL 4wj,2J2[4Q±§)=FZ] 

r |<q>|2l \A-2Z\ l/A+
(±)«q))+^-(±)((q))\ 

L 4mp
2 J2[4(|±|)=FZ]I\ 2 / 

l<q)|»-| ZQ4-Z) 

„ -2[^(i±|)=FZ] 

- G.m^-iG^m^-G^he)^—- — - — -
L 4m,1 J C^(l±f)=FZ] 

X ( ) . (26) 

On the other hand, Eqs. (22) and (20) show that 

* i ( ± ) «<Z2>,0)= LGi((q2),d)+G^ ({q^+G.m^m/im^)-], (27) 

whence, with neglect of terms of relative order ((g2)/4wp
2)2, ({q2)/4tfnp

2)(\A — 2Z\/A), and ( 0 | S p
2 + S n

2 

-(Sp+Sn)
2\0)/Z(A-Z), the nuclear structure effect quantity { l - $ n ( ± ) ( ( ? 2 ) ^ ) / ^ i ( ± ) « ^ 2 ) ^ ) } assumes the 

rather simple form 

{i-$n<+>«gW$i<+>««ft,g)>=ji-(, A - ̂ "̂ Ĵ 'y-â 'pl, 
l \2(.4-Z) 2{A-Z)I J 

{l-$II(-)((gW$I(-)((g2))e)} = j l - ^ - M~^Z|^+(-)((q))-(i(^-Z))^<-)((q))J, (28) 

fe(±) «Q» = K ^ + ( ± ) ( ( q ) ) ± ^ - ( ± ) « q » ) = /" f trW-'WX+M (r',r)±3C_<±> (r',r)]Jr'<fr, 

with the nucleon-nucleon correlation functions of [Z,A2o, the 3C±
(±)(r',r)> given in Eqs. (24), (22). Equations (23) 

and (28) yield 

rfo-([Z,il]o->[Z+l,^]all;Er) r da(n-+p;Ev)( / A \A-2Z\\ d*(n->p:Ev)i / A \A — 2Z\\ 1 
= (A-Z)—- — l - ( — — - - - - - - - W ^ ( ( q ) ) - (iZ)^(+)«q» , 

d(cos0) I \2 U - Z ) 2(A-Z)J J d(cos0) <f(cos0) i \2(-4-Z) 2(^-Z)> 

= * "., ,; "{ l-( — ' „ '^^((q))-^^-^)^^^))}, (29) 
rfo-([Z,^]o->[Z-l,^]an;Ep) rf(j(^-> w; £„) J /J. |4-2Z 

d(cos0) d(cos0) 1 \2Z 2Z 

which exhibits the general character of the nuclear structure effect. 

NUMERICAL PREDICTION OF NUCLEAR STRUCTURE EFFECT QUANTITY 

Various remarks can be made with regard to the over-all form of Eqs. (28) and (29) before one embarks on a 
calculation of the ??±(±) ((<!))• Thus, it is reasonable to take 

3C±(+) ( r ^ r ^ S C ^ (r',r)HEE3C±(r',r), (30) 

since G2
(±)((<72)>0) appears in both numerator and denominator of the denning Eq. (24), and since the ± term in 

G2
(±)((<72)>0) [Eq- ( 2 2 ) j is relatively important only at large 0 (i.e., at | (q) | ~EV) where i7±(±)((<l)) is itself quite 

small. Equations (30) and (28) give 
U±<+) « q » ^ ± < - 5 « q » ^ U ± « q » (31) 

so that Eq. (29) yields for nuclei with ^4—Z=Z, 

^ ( [ Z , ^ ] 0 - > [ Z + l , ^ ] a l l ; £ , ) / & r ( [ Z , i l ] o - > [ Z - l , 4 ] a l l ; £ O l \d<r(n-> p;Ev) /d*(p-» n\ Ev)\ 

d(cos0) I d(cosd) J I d(cos0) / d(cos0) 

{d<r(n—>p;Ev) /c 

I d(cosd) / 
, (32) 

file:////v/n
file:///2U-Z
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the nuclear structure effect canceling out in the ratio of cross sections. Further, in the limit of (q) —» 0, we have 
from Eqs. (28) and (24): rj+(±)= 1, T?_(±) = 0, SO that Eq. (29) becomes (for A^2Z) 

Ar([Z, i4]o^[Z+l , i4] a U ;£ r ) da(n->p;Ev) dcr(n-> p; Ev) 
= (A~Z) = {1~Z/(A-Z)} = (A-2Z) 

d(cos$) d(co$6) d(co$d) 
(33) 

da(£Z,A2o-+ [ Z - l , A~]&U\EV) da(p->n;Ev) 
=Z {1-Z/Z} = 0. 

d(cosO) d(cosd) 

Equation (33) demonstrates in a rather striking way the effect of the Pauli exclusion principle on the "elastic" 
neutrino-induced reaction cross sections in the limit of vanishing three-momentum transfer. We also mention that 
Eq. (28) shows that y±(±)((q)) becomes very small for | (q)|^>{ | r'—rlav}"1 so that the nuclear structure effect 
quantity {1— $n(±)((q2),6)/$i(±)((q2),6)} approaches 1 under these circumstances. 

We now proceed to an explicit calculation of the ^((q)) from Eqs. (28), (30), and (31). For this purpose we 
assume that 3C±(r',r) of Eqs. (30), (24), and (22) can be written as10 

3C±(r',r)^<0| E (l^«y<)K^-^-r/8 )r/»))8(r /-ry)5(r-r<)(i(l±Py0)|O>/ 

<0| t (l-5y i)i(Tr^-ry («r i<
3))( |(l±Py i)) |0) (34) 

A A 

^<0| E ( l - ^ ) 5 ( r ' - r y ) 5 ( r - r i ) G ( l ± ^ ) ) | 0 ) / ( 0 | £ (l-8*)<4(l±^/i))|0> 
3=1, i—l 3=1, i = l 

and then further approximated by11 

3C ± ( r ' , r )« ( l±8 0 / ^ ) -»O( | r ' | )O( | r | ) ( l± / ( | r ' - r | ) ) , 

d«/A = j [®(\r'\)&(\r\)f(\r'-T\)dt'dr, (35) 

S>(\r\)=A-ma\Z 6(1-1^0). 

Equations (28), (31), and (35) give 
T 5o 5«q»-| 

„+«q» = (1-S.Vi*)- A«q» ; 
L A A J 

nm)) so "i 
„_«q»=(l-5o2A42H A«q» ; 

L A A J 

A « q » 

5«q» 

A 

5(0) = 50 

(36) 

•£>(\i\)dt 

<rW-<T'-t)$>(\t'\)$>(\i\)f(\I'-T\)di'di, 

10 Strictly speaking, the nucleon-nucleon correlation functions 3C±
(±) (r',r), as defined in Eqs. (24) and (22), do depend on the Gi((q2),$) 

(i = l, 2, 3), i.e., do depend on the form factors Fv((q
2)), FM({q2}), ^ A ( ( # 2 ) ) , Fp({f)) and on 0, and hence vary with Ev and with 6. 

However, the Gi((q2),0) appear in both numerator and denominator of Eq. (24) so that their influence tends to cancel out. This cancel
lation is complete in the special case when |0)=<3>(ri>r2,- * *)X(eri(3),cr2(3V • •; n(3),T2(3),- • •) and is still very appreciable in the general 
case when |0) = 2 „ 0™<£>m(ri,r2,• • -)Xw(<ri<V2(3),- • •; TI<3>,T2<

3V • •)• 
11 See Eq. (10) in Primakoff, Ref. 4. 
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or, with neglect of terms «1/A2 , 
„ + « q » ^ A « q » , 

„ VN «o/«««i» „ X A 
7 , _ ( q ) ^ - A « q » . 

A\ 50 / 

Substitution of Eqs. (37) and (31) into Eq. (28) then yields 

A \A-2Z 

B1147 

(37) 

{1 -*n ( +> «<?2>,0)M(+> «<?V)} = {1 - ( 
2{A-Z) 2(A-Z) y^-tuX^-^) 

Z \ i r (Z/2^)3o(a((q))/30-A((q)))-| 

l-[Z/(^-Z)]A«q» J' 

'5«q» 

(38) 

f (A \A-2Z\\ fA-Z\ /5«q> \ 1 

\2Z 2Z / \ L/± / \ oo 

r< „ ^ [ \ [(^"2)/2^]«o(««q»/*D-A«q»)- | 
= [1-A((q»] 1 — , 

L 1-A«q» J 

(39) 

with the second equality on the right-hand side of Eqs. (38) and (39) valid for A ^ 2Z. It remains to calculate the 
A((q», 8«q» and S0 of Eq. (36); to do this we assume11 

whence 

2 ) ( | r | )= [ (V3>o 3 ^ ] - 1 : | r | I M 1 " 

= 0 : | r | > M 1 / 3 

/ ( | r ' - r | ) = l :\t'-i\^d 

= 0 : | r ' - r | > < 2 , 

A«q» = [(3/*)i1(*)]«; ^ | < q ) M 1 / 3 ; 

5(<qK0{?' iW+8(i^)[^7 iW+rw]l ; y=md; 

\rj\ 16 *vl1/3/' 

(40) 

(41) 

with [see Eqs. (17)-(19)],7 

l<q)l=C<?2)] 1/2 H 
<<?2> 

4w^ 
]l/2 2E„ sin|0 

[l+(2E,/wp)(sini 

[2£„sin§0]2 

4mJ
2(l+(2£„/mJ))(sinA0)2; ]

l /2 

(42) 

Comparable results are obtained with other reasonable shapes for £>( | r | ) and / ( | r'— r | ) . It is to be noted that our 
choice for £>(|r|) and / ( | r ' ~ r | ) implies a description of 3C.4-(r',r) [Eqs. (35) and (34)] and hence of if±«q)), 
A((q}), ^((Q))> ô [Eq. (36)] in terms of a pair of nuclear parameters, TQ and d, each of which is to be determined 
separately from appropriate experimental data. On the other hand, any calculation of S)(| r | ) and / ( | r'— r |) on 
the basis of an independent-particle nuclear model establishes a definite (and hence restrictive) relationship be
tween parameters like r0 and d so that only one of them is determined separately from experiment; with Z—A—Z 
this relationship is such that 50=4.12 Thus, in the Fermi gas model with Z=A-Z:r0= (9TT/8)1 / 3(1/^F) ; d=41/V0 

= ( 9 * / 2 ) 1 / 8 ( 1 / * F ) ; 

A«q» = C(3A)j1(*)]»; 

f 3/2\V* l / 2 \ 1 /9TT\1^ /9aV'« 

•"•M'-is) y+TLr\- for ySw 2; s ( < , > )"°- for Hi) 2; 8,=4, 

which values for A((q)), 5((q)), <50 are to be compared with those in Eq. (41). 

12 See discussion m Sec V of C. A. Engelbrecht, Phys. Rev. 133? B988 (1964). 

file:///A-2Z
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TABLE I. Values of d/ro deduced from muon capture data. 

A-2Z A<"> do d/r0 

Ti 22 46-50 2-6 0.47 2.59 1.50 
Mo 42 92, 94-98, 100 8, 10-14, 16 0.36 2.85 1.52 
Gd 64 152, 154-158, 160 24, 26-30,32 0.25 3.02 1.53 
Pb 82 204,206-208 40,42-44 0.21 3.08 1.53 

We now discuss the actual numerical values of TQ and d. Analysis of experimental data on elastic scattering from 
various nuclei13 indicates that 1.35X 10~13 cm>fo> 1.15X 10~13 cm for A > 25; with the value of TQ SO determined, 
A(| (q) | ) can be calculated for any A,Evy6 [Eqs. (41) and (42)]. On the other hand, the theory of muon capture 
in complex nuclei14 shows that a quantity closely related to the nuclear structure effect quantity 

{ i -* i i ( -WW*i ( -> (<<? 2 > ,0 )} 

of Eq. (39) enters as a multiplicative factor into the theoretical expression for the total capture rate of muons by 
[_Z,A^\o—this follows since the transition matrix element associated with /x~+^Z,^4]0—» v^+^Z—l, A~]k is essen
tially the same, apart from a lepton-transposition, as the transition matrix element of Eq. (9) associated with 
i>li-{-[_Z,A']o ~» /JL++[_Z— 1, A~]ic. Thus, we can determine the quantity d/ro by comparison of theoretical expressions 
for the muon total capture rates14 with the corresponding experimental values15; such a comparison indicates that : 

n r L(A-z)/2Ay0(tM/Bo-AM)-]\ \ r (A~z\ i l l 

= [{l-[(4-Z)/2^]3.11}]eXper, (43) 

- = f fei<r>)-e'-I><p*(\t'\)<p(\rl)S)(\r'\)S)(\r\)f(\t'-r\)dt'dr/ /"| ^ ( | r | ) | 2 SD( | r | ) ( f r ^—( to within 5%), 

' (44) 

i « = p < P ' > X | r | ) © ( l r | ) i r | / / " | 9 ( | r | ) | » : D ( | r | ) ( * r ; K p , ) | ^ 0 . 7 5 ^ , 

<p(|r|) = orbital muon wave function, 

with the empirically determined coefficient, 3.II,15 constant to within a few percent for ^4>25. Equations (43) 
and (44) fix the values of do and so of d/ro [jEq. (41)] for various Z, A as given in Table I16; with d/ro and r0 

TABLE II. Calculated values of 5Q. 

Z A A-2Z d/ro do 

Al 13 

Fe 26 

Cu 29 

Pb 82 

27 

54, 56-58 

63, 65 

204, 206-208 

1 

2, 4-6 

5, 7 

40, 42-44 

1.47 
1.50 
1.53 

1.47 
1.50 
1.53 

1.47 
1.50 
1.53 

1.47 
1.50 
1.53 

2.30 
2.43 
2.56 

2.49 
2.63 
2.77 

2.52 
2.66 
2.81 

2.73 
2.89 
3.08 

13 R. Herman and R. Hofstadter, High-Energy Electron Scattering Tables (Stanford University Press, Stanford, California, 1960). 
14 See Klein and Wolfenstein, Ref. 4. Their numerical values of A(/i) are used in Table I. See also footnote 70a in R. Winston, Phys. 

Rev. 129, 2766 (1963). 
15 J. C. Sens, R. A. Swanson, V. L. Telegdi, and D. D. Yovanovitch, Phys. Rev. 107, 1464 (1957); J. C. Sens, ibid. 113, 679 (1959); 

V. L. Telegdi, Phys.Rev. Letters 8, 327 (1962); T. A. Filippas, P. Palit, R. T. Siegel, and R. E. Welsh, Phys. Letters 6, 118 (1963). 
16 d/ro is also obtainable from an analysis of inelastic (and elastic) electron-nucleus scattering experiments. See B. Goulard, Ph.D. 

thesis, University of Pennsylvania, 1964 (unpublished). 
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specified, S0 and <5((q}) can be calculated for any A, EVJ 

6 [Eqs. (41) and (42)]. Values of 80 obtained in this 
way are given in Table II. 

We proceed to exhibit a set of curves for the nuclear 
structure effect quantity ("n.s.e.q.") 

for various \_Z^A~\ and Ev, calculated on the basis of Eqs. 
(38), (39), (41), and (42) and Table II (Figs. 1, 2, and 3). 
These curves show that { 1 - < W ± W W $ I ( ± W > > 0 ) } 
(a) increases slowly with increasing r0; (b) decreases 
slowly with increasing d; (c) increases rapidly with in
creasing | (q) |, i.e., with increasing 6 for fixed Ev or with 
increasing Ev for fixed 0. All of these variations are 
reasonable from a qualitative point of view; in partic
ular, the curves show that 

for 
5 5 1 

|<q>| H P . - P M I > - = - - - - • 
a 1.5 r0 

LOO 

A 
cr 
V 

+T M 

.75 

.50 

.25 

/y/y 

///// 
/ 

'/// / 
/ 

Fe 
'//•, 

7/ / r0
 = l-35F<^7//// 

/ r0 = I.25F 

r 0 - U 5 F 

to 

I 

| * / T + [ Z + 1,A] 

J £> + [Z,A] 

]V+[Z-1.A] 

20 30" 40 

FIG. 1. "N.s.e.q" as ordinate plotted versus cos-1(^v/>„) as 
abscissa, for three values of r0, with an Fe target, Ev/mp=l, and 
d/ro=1.50. The curves originally contained slight wiggles which 
have been smoothed out in this figure. The last remark holds also 
for the following figures. 

This last condition is equivalent to | (q)| > (5/1.5)£(&/9w)2ll*pF=2pF, an inequality anticipated in the Intro
duction on the basis of a physical argument. In general, the curves in Figs. 1, 2, and 3 should be as accurate as 
the corresponding expressions [Eqs. (43) and (44)] in the theory of muon capture.4-14,15 

For illustrative purposes we also present a set of curves (Figs. 4 and 5) for 

A rdailZ^-^lZ^l, A\xl)Ev) 
- \= / N(E,)dE, 

/Ar([Z,il]o-» [ Z i M l i i ; Ev) 

d(cosO) d(cosd) 

Di(i±i)=FZ] Zd*(;z*;Ev)/d(cosd)-}\ l 
$i i ( ± ) ( (g 2 ) , f l ) 

'*!<*> (if),*) 
N{Ev)dEv (45) 

1.00 

CD 

A 

+1 H 

yy y y^ 
/ /&..,„ y / /f v>-»> 

/ft // ft /' 

' /// y 1 // y^ Al 
// / / / / / / ro = "-25F 1 1 / // 

'ill / 
////// // J ",+M 1 
// // -y^y 

I // _ . J *•*•*] 1 
Wj// [-At".*! j 

My / £$n / 

77 // I'^S i . . 

trip 

1 = 
ro 

I 

= 0.5 

1.47 

-

1 
20° 
d 

FIG. 2. "N.s.e.q" as ordinate plotted versus cos Kiv i^ ) as FIG. 3. "N.s.e.q" as ordinate plotted versus cos l(pp.-pv) as 
abscissa, for three values of d/ro, with a Cu target, Ev/mp = li and abscissa, for four values of Ev, with an Al target, ro= 1.25X10~13 

rQ=i.25XlO~13 cm. cm and d/rQ = lA7. 



B 1150 B . G O U L A R D A N D H . P R I M A K O F F 

\ 35 

~ 10 

—i~i \ T r 
<(-| mp)=35x(l3xl0 cm2) 35 

V/ 40° 50% 0 20° 30° 40° 50° 60° 

FIG. 4. Differential cross sections 
of {vfi-j-n—>/T"+^ (times A—Z) 
and of Vp-\-[_Z,A% —>fjT-\-£Z-\-l, 
A I n } averaged over incident neu
trino spectrum as ordinate, plotted 
versus cos-1 (Pa'pv) as abscissa, for 
various values of ma, mw, with Al 
target, r0 = 1.35XlO-13 cm, and 
d/ro = lA7. To obtain differential 
cross sections per steradian and 
per neutron divide the vertical 
scale by 2TTX (A - Z ) = 2TTX 14. 

Csee Eq. (23)] and for 

£A (^)=FZjd*(«pZ
Pn; E,)/d(cos6))=ZA ( | ± f )=FZ] | X ^ ; E,)/d(cosdW(E,)dEp, (46) 

where N(Ev)dEv is the Brookhaven incident neutrino energy spectrum1 and Al is the target element. Our calculated 
values of the {l~^n{±)({q2)fi)/^i{±){{q2)fi)) are used (Figs. 1, 2, and 3), while the da(;Zp

n;Ev)/d(cosd) [Eqs. 
(21), (20), and (19)] are calculated with Fv{{q2)), FM((q2)) and FP((q2)) as determined above (i.e., as determined 
on the basis of the conserved polar-vector current hypothesis and the pion-pole dominance hypothesis17) and with 

/ \ 

^ 3 5 | - x ( - | - m ^ ) = 3 5 x ( | 3 x | 0 - 3 9 c m 2 ) 35 

mw = 10 m^ 

Al 

mw = °° 

FIG. 5. Differential cross sections of 
{vp+p —* M + + ^ (times Z) and of 
v»+iZ,A~], -> / * + + [ Z - l , 4I11} av
eraged over incident antineutrino 
spectrum as ordinate, plotted versus 
cos"1 (pn'py) as abscissa for various 
values of ma, mw with an Al target, 
ro = 1.35X10-13 cm, and d/rQ = lA7. 
(The incident antineutrino spectrum 
is assumed to be the same as the 
incident neutrino spectrum.) To ob
tain differential cross sections per 
steradian and per proton divide the 
vertical scale by 27rXZ = 27rX13. 

10° 20° 30° 40° 50° 60° 

17 For values of Ep and 6 of interest here, the terms in Eq. (20) [and so in Eq. (21)] containing [Fp((?2))]2 and [FP({q*))~\[F A{(q2))~] 
are very small compared to the terms containing lFv((q2))J, ZFA((f))?, C^«? 2 ) ) ] 2 , PM<<?2>)X^i(<<f)], P i f t W I P i t t f » 1 
and ZFv((f))XFM«t)n 
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FA {{(f)) represented as18 

FAiiq^^il+Wmjy^l+iq^/mw2)--1; ma^m^^m„9m^ mw~ 10mT, oo . (47) 

It is seen from these curves that, with a reasonable knowledge of the incident neutrino spectrum, differential 
cross-section measurements of moderate precision of the "elastic" neutrino-induced reactions should be sufficient 
for an approximate determination of the parameters in FA((q2)). 

In conclusion, we wish to emphasize that when reliable expressions are available for the nucleon-nucleon corre
lation function 3C±(Y,r) of Eqs. (34), (30), (24), and (22) on the basis, for example, of an analysis of inelastic (and 
elastic) electron-nucleus scattering experiments, the procedure of Eqs. (35)-(44) and, in particular, the assump
tions of Eqs. (35) and (40) regarding 3D(| r | ) and / ( | r'— r |) will be superfluous. In these circumstances, Eqs. (28), 
(30), and (31), together with the then empirically known 5C±(r',r), will be immediately applicable to the calcula
tion of rj±((q)) and so of the nuclear structure effect quantity {1—$n(±) ((<I2)>d)/$i(±) (il2)^)} a n d the only major 
remaining approximation in our treatment will refer to the general validity of closure over the residual nuclear 
states. 
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APPENDIX 

The state of a nucleus \_Z,A~] which is a member of a supermultiplet is characterized by isospin and spin quantum 
numbers T^ = \\_Z- (A-Z)~\, S^ = Sp^+Sn

ie\ Y^>^ = Sp^-Sn^ and by three additional quantum numbers 
P, P\ P" where F is the highest value of any of the three quantities T(3), 5 ( z ) , F(3)»(z) occurring in the super
multiplet F' is the highest value of a second of these quantities occurring in the supermultiplet which is com
patible with the value P of the first, and P" is the highest value of the third of these quantities occurring in the 
supermultiplet compatible with the values P, P', of the other two.9 The ground state of [_Z,A~] belongs to the 
supermultiplet characterized by P = T= | P(3) | = i\A — 2Z\, P'=Sp+Sn9 P" = Sp—Sn where Sp=0 or \ depending 
on whether Z is even or odd and Sn= 0 or J depending on whether A~Z\$ even or odd; the only exceptional case 
corresponds to Z=A—Z with Z odd (e.g., N714, B5

10, Li3
6, Hx

2) where the above P and Pf values must be inter
changed (so that P= 1, P ' = 0, P"=0) . 

To find (0| [Y[1]]2+[Y[2]]2|0) we consider the expectation value in the state |0) of the "total" space exchange 
operator E= i Ej^i,t-iA(l—fy»)-P*, 

<o|H|o>=<o|i £ (i~«yOC-(i(i+^-^))(i(i+^^,))]|o> 
/ - i , * - i ( A 1 ) 

= - | ^ 2 + 2 ^ l - i (01 (T)2+ (S)2+ (YW)2+ (Y™)2+ (Y^)210) 

= - ! ^ 2 + 2 ^ - i - [ r ( r + i ) + 2 S p ^ 

while by a group-theoretic argument,9 

( 0 | S | 0 ) = ~ i ^ 2 + 2 ^ - i [ P ( P + 4 ) + P , ( P , + 2)+(P / 0 2 ] , (A2) 

whence, with use of the above values of P, P', P", 

{0\E\0)^~iA'+2A-KT(T+4)+2Sp'+2Sr?+2(Sp+Sn)^. (A3) 

Comparison of Eq. (Al) with Eq. (A3) yields 

(0 | [YW] 2+[Y^] 2 |0)=3P=f \A-2Z\ . (A4) 

This holds for all nuclei except those with Z=A—Z and Z odd; in this case, from Eqs. (Al) and (A2), since P=0, 

<0|[YM]H-[Y[2]]2|0>=2. (A5) 
18 I t is worth mentioning that a speculative field-theoretic argument [see, for example, P. Dennery and H. Primakoff, Phys. Rev. 

Letters 8, 350 (1962); 8, 466 (1962)] indicates that XFA({q2))/KFv((q
2)) = ( 1 . 2 1 / l ) [ ^ « g 2 ) ) / F F « g 2 ) ) ] ^ 1 as tna

2/(q2), tnP
2/{q2), 

>0. 


